Abstract: Let G = (V E) be a simple graph of order and be an integer with ≥ 1. The set X ⊆ V (G) is called an -packing if each two distinct vertices in X are more than apart. A packing colouring of G is a partition X = {X 1 X 2 X } of V (G) such that each colour class X is an -packing. The minimum order of a packing colouring is called the packing chromatic number of G, denoted by χ ρ (G). In this paper we show, using a theoretical proof, that if = 4 , for some integer ≥ 3, then 9 ≤ χ ρ (C 4 2C ) ≤ 11. We will also show that if is a multiple of four, then χ ρ (C 4 2C ) = 9.
Introduction
Packing colourings were inspired by a frequency assignment problem in broadcasting. The distance between broadcasting stations is directly related to the frequency they may receive, since two stations may only be assigned with the same frequency if they are located far enough apart for their frequencies not to interfere with each other. This colouring was first introduced by Goddard et al. [7] where it was called broadcast colouring. Brešar et al. [1] were the first to use the term packing colouring.
Let G = (V (G) E(G)) be a simple graph of order and let be a positive integer. X ⊆ V (G) is called an -packing if each two distinct vertices in X are more than apart. A packing colouring of G is a partition X = {X 1 X 2 X } * E-mail: yjacobs@uj.ac.za † E-mail: ejonck@uj.ac.za ‡ E-mail: ejoubert@uj.ac.za of V (G) such that each colour class X is an -packing. Hence two vertices may be assigned the same colour if the distance between them is greater than the colour. The minimum order of a packing colouring is called the packing chromatic number of G, denoted by χ ρ (G). Note that every packing colouring is a proper colouring. For terms and concepts not defined here, see [2] .
Goddard et al. [7] investigated amongst others the packing chromatic number of paths, trees and the infinite square lattice, Z 2 . They found that for the square lattice, 9 ≤ χ ρ (Z 2 ) ≤ 23. In fact, the packing chromatic number of the square lattice received quite some attention in recent years. Fiala et al. [5] improved the lower bound to 10, and in [3] , it is improved further to 12. Soukal and Holub [9] used a computer to better the upper bound to 17. The packing chromatic number of lattices, trees, and Cartesian products in general is also considered in [1, 6] . Determining the packing chromatic number is considered to be difficult. In fact, finding χ ρ for general graphs is NP-complete [7] , and deciding whether χ ρ (G) ≤ 4 is also NP-complete. In [4] , see also [8] , Fiala and Golovach showed that the decision whether a tree allows a packing colouring with at most classes is NP-complete.
Let be an integer with ≥ 3. Define = 4 . In this paper, we examine the packing chromatic number of the Cartesian product of C 4 and C . We prove, using a theoretical approach, that 9 ≤ χ ρ (C 4 2C ) ≤ 11. If S and T are two vertex sets of G, then we define D(S T ) = max { ( ) : ∈ S ∈ T }. When considering the Cartesian product of cycles with cycles, we use the basis of a grid to represent the graph and we label the vertices as we would label the vertices of a × matrix. See Figure 1 . We omit the arches of the Cartesian product in our sketches later on. 
The upper bound
We will first prove an upper bound for χ ρ (C 4 2C ). Recall that = 4 for some integer ≥ 3. Clearly, represents the number of 4 × 4 blocks. We define Blocks 1, 2 and 2a by colouring the four uncoloured vertices in each 4 × 4 block. Block 1: In column 2, assign colour 4 to vertex 2 2 and colour 5 to vertex 4 2 . In column 4, assign colour 6 to vertex 2 4 and colour 7 to vertex 4 4 . Block 2: In column 2, assign colour 5 to vertex 2 2 and colour 4 to vertex 4 2 . In column 4, assign colour 8 to vertex 2 4 and colour 9 to vertex 4 4 . Block 2a: We change Block 2 slightly to form Block 2a. The same colours are assigned to the vertices in column 2. In column 4, interchange colours 8 and 9. For this case we use Blocks 1, 2 and 2a from Case 1 and we form one more block by altering Block 2 slightly, using the same basis colouring described above. Block 2b: Assign colour 5 to vertex 2 2 and colour 4 to vertex 4 2 . In column 4, assign colour 10 to vertex 2 4 and colour 11 to vertex 4 4 .
We can then arrange Blocks 1, 2, 2a and 2b in the following order to provide a packing colouring of C 4 2C : 1, 2, 1, 2a, 1, 2, 1, 2a,…, 1, 2, 1, 2a, 1, 2b. Hence χ ρ (C 4 2C ) ≤ 11. Case 2.2:
We use Blocks 1, 2 and 2a from Case 1 and we define a new block using the same basis colouring. Block 3: Assign colour 7 to vertex 2 2 and colour 6 to vertex 4 2 . In column 4, assign colour 10 to vertex 2 4 and colour 11 to vertex 4 4 .
If the number of blocks is 4 + 1 with ≥ 1, then a packing colouring of C 4 2C can be obtained by arranging Blocks 1, 2, 2a and 3 in the following way: repeat the sequence 1 2 1 2 times, followed by a single block 3: 1 2 1 2 1 2 1 2 1 2 1 2 3. Hence χ ρ (C 4 2C ) ≤ 11. Case 2.3:
This case is very similar to the previous one. We again use Blocks 1, 2, 2a and 3 as defined previously and we form a packing colouring of C 4 2C by repeating the sequence 1 2 1 2 times, followed by the sequence 1 2 3: 1 2 1 2 1 2 1 2 1 2 1 2 1 2 3. Hence χ ρ (C 4 2C ) ≤ 11.
The lower bound
We now provide a lower bound for the packing chromatic number of G = C 4 2C , where = 4 and is an integer greater than two. We use the notation ( ) = to denote that the vertex is assigned with colour . The proof of Theorem 3.4, the main result of this section, relies on the following lemmas. Proofs of these lemmas will be provided in the next section. 
Proofs of lemmas
We define a subgraph H 10 of G, where H 10 = C 4 2P 10 . For the purpose of proving the lemmas mentioned in the previous section, we label the vertices of H 10 as illustrated in Figure 3 . A small colour is defined as a colour from the set {2 3} and a large colour is defined as a colour greater than 3.
Proof of Lemma 3. we may also assume that and occupy the positions as illustrated in Figure 3 . } must receive colours 5 and 6. By Claim A, the set S has a vertex that receives a large colour that is neither 4 5 nor 6. As D(S { 1 2 }) ≤ 7, we have that a colour larger than 8 is necessary to colour the vertices of W ∪ S ∪ S.
We may assume now that a vertex in { 13 14 } receives colour 4. No vertex in T can receive colour 4. If T has at least one vertex that is coloured by a large colour that is neither 4 5 6 nor 7, then a colour greater than 8 is necessary to colour the vertices of W ∪ T ∪ T . Hence, the large colours 5 6 or 7 repeat between the vertices of T and W . If colours 6 and 7 repeat between the vertices of W and T , then the vertices of { 4 3 } must receive colours 6 and 7 and so no vertex in T can receive either colours 4 6 or 7 and so a colour larger than 8 is necessary to colour the vertices of W ∪ T ∪ S. Hence, there is a vertex in T that receives colour γ ∈ {6 7} and a vertex in T that receives colour 5. The colours 5 and γ also occur among the vertices of W . Note that one vertex in { 
Since D(S T − {
13 }) ≤ 6, we have that γ = 5. By Claim A, the set T has a vertex coloured by a large colour α that is not in {4 5}. If α does not occur among the vertices of W , then a colour larger than 8 is necessary to colour the vertices of W ∪ T ∪ T . Hence, colour α must occur among the vertices in { The two large distinct colours that occur among the vertices of T (T respectively) cannot be γ, and they must repeat among the vertices of W and be in {4 6 7}. We claim that at least one vertex in T must receive colour 4. Suppose that no vertex in T receives colour 4. If a vertex in T receives a colour that does not occur among the vertices of W , then a colour greater than 8 is necessary to colour the vertices of W ∪ S ∪ T . As D(T { 1 2 }) ≤ 6, we have that both vertices in N( ) − { 1 2 } must receive colours 6 and 7. Hence, a colour greater than 8 is necessary to colour the vertices of W ∪ S ∪ T . It follows that at least one vertex in T must receive colour 4.
We claim also that T has exactly two large colour vertices. If T has at least three vertices coloured by large colours then these colours must be 4 6 7. As D(T { Before we continue, we make the following observation.
Observation 4.1. Proof. Suppose, to the contrary, that ( ) ∈ {1 2 3}, for every ∈ V (C ). Exactly two vertices of C , say and , must receive colour 1. Hence, { ( 1 ) ( 2 )} = {2 3} and so, by Case 1, we are done. Thus, we may assume that for some ∈ V (C ), we have that ( ) / ∈ {1 2 3}. ( 2 ) is not large, then, by Observation 4.1, we need a colour greater than 8 for the vertices of W ∪ T ∪ S ∪ T . It follows that ( 2 ) is large and so, by Observation 4.1, we may assume that ( 2 ) = ( 14 ) = 5 since otherwise a colour larger than 8 is necessary to colour S ∪ W ∪ T ∪ T . It follows that a colour greater than 8 is necessary for the vertices of W ∪ S ∪ T ∪ S. We may assume that no large colour repeats in T ∪ W . 
As D(T T ∪ { 4 }) ≤ 4, no large colours can repeat among the vertices of T ∪ T ∪ T . If no large colours repeat among the vertices in S ∪ W ∪ T , then a colour larger than 8 is necessary to colour the vertices of W ∪ S ∪ T ∪ T . Hence, as D(T S ∪ W ) ≤ 7, we have that a vertex in T and a vertex in

If no large colour repeats among the vertices of T and S, then a colour larger than 8 will be necessary to colour S ∪ W ∪ T ∪ T . Hence, as D(S T
= 1. We can deduce once more, using the same argument as in the previous paragraph, that ( 1 ) and ( 13 ) 1 } at a distance at most three from each other, which is impossible.
Case 2.2.2.2:
2 gets a large colour and 1 a small colour.
Let S = { ( 2 ) ( ( 3 ) respectively) is large, then a colour larger than 8 is necessary for
2 ) = 1 and so both ( 3 ) and ( 1 ) We may assume that ( 2 ) is small and ( 1 ) is large and that some vertex in N( ) − { 
Claim E. If H has exactly two vertices in large colours, then these vertices must be at distance two from each other.
Proof. See the proof of Claim C. ( 22 ) and ( 24 ) We may assume that no vertex in T receives colour 5. Hence, there is a vertex in T that receives a large colour greater than 4 and a vertex that receives 4. Furthermore, no vertex in { 1 2 } can receive 4. If T has three large colour vertices, then a colour greater than 8 is necessary to colour W ∪ S ∪ T . Hence, T has exactly two large colour vertices. If the set U = { 4 3 1 2 4 2 3 } has three vertices that receive large colours, then a colour greater than 8 must occur in W ∪ U ∪ T . Hence, U has exactly two large colour vertices and so, by our claims, ( 3 ) and ( 2 ) Since ( 3 ) and ( 2 ) are large and either 3 or 2 receives colour 4, we have that at most one large colour can repeat among the vertices of T and W ∪ S and so a colour larger than 8 is necessary for W ∪ S ∪ T ∪ T .
Claim F. If H has exactly two vertices in large colours
We may assume that the colour 4 vertex lies in the column that contains 13 . No vertex in T can receive colour 4 and if the vertices in T ∪ { 1 2 } have no large colour in common, then a colour greater than 8 is necessary to colour the vertices of T ∪ T ∪ { 1 2 }. Hence, the colour 5 repeats between a vertex in T and a vertex in { 1 2 }. Case 3.1.2.1: ( 13 ) and ( 15 ) are large.
As T has exactly two vertices that receive large colours, we have, by Claim G, that ( 1 ) = ( 2 ) = 1. But ( ) = 1, which is impossible. ) and ( 16 ) are large.
Since the colour 5 repeats among the vertices of { 1 2 } and T , we have that the colour 5 vertex of T must be in the column containing 21 . We may also assume that T has exactly two large colour vertices, one of which must be γ ∈ {6 7}. Also, the colour γ must occur among the vertices of { 3 2 } since otherwise we need a colour larger than 8 to colour W ∪ S ∪ T ∪ T . In addition, one vertex in { 14 16 } must receive a large colour α ∈ {6 7}. Suppose first that ( 21 ) and ( 23 ) are large. By Claim G, ( 18 ), ( 20 ), ( 1 ), ( 2 ) ( 1 ) is large and our claim is verified. There are 6 large colour vertices in W ∪ S ∪ T . We may assume that a large colour repeats and this colour is 4. Hence, either ( 2 ) = 4 or ( 4 ) = 4. We may also assume that ( 1 ) ( 3 ) ∈ {1 2 3}. If ( 1 ) = 1 ( ( 3 ) = 1 respectively), then 1 and ( 3 and respectively) have two large colour common neighbours and so, by Case 2, we are done. Hence, ( 1 ) and ( 3 ) are small. But then ( 2 ) = 3, ( 2 ) = ( 1 ) = 2 and ( 3 ) = 3 which is impossible.
Proof of Lemma 3.3. Consider a subgraph H of G induced by four columns in a row and suppose that H has two vertices in a column that are both coloured with 1. If a column of H has two vertices in 1 then, by Lemma 3.2, the next and previous columns can have no vertices coloured by 1. Hence, H has at most four vertices coloured by 1. Following the exact same argument used in the proof of Lemma 3.1, we can deduce that more than 8 colours are necessary to colour the vertices of H.
